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INFINITE CO-MINIMAL PAIRS IN THE INTEGERS AND INTEGRAL
LATTICES
ARINDAM BISWAS AND JYOTI PRAKASH SAHA
Abstract. Given two nonempty subsets A,B of a group G, they are said to form a co-
minimal pair if A · B = G, and A′ · B ( G for any ∅ 6= A′ ( A and A · B′ ( G for any
∅ 6= B′ ( B. In this article, we show several new results on co-minimal pairs in the integers
and the integral lattices. We prove that for any d ≥ 1, the group Z2d admits infinitely many
automorphisms such that for each such automorphism σ, there exists a subset A of Z2d such
that A and σ(A) form a co-minimal pair. The existence and construction of co-minimal
pairs in the integers with both the subsets A and B (A 6= B) of infinite cardinality was
unknown. We show that such pairs exist and explicitly construct these pairs satisfying a
number of algebraic properties.
1. Introduction
Let (G,+) be an abelian group and W ⊆ G be a nonempty subset. A nonempty set
W ′ ⊆ G is said to be an additive complement to W if W +W ′ = G. Additive complements
have been studied since a long time in the context of representations of the integers, e.g., they
appear in the works of Erdo˝s, Hanani, Lorentz and others. See [Lor54], [Erd54], [Erd57] etc.
In [Nat11], Nathanson introduced the notion of minimal additive complements for nonempty
subsets of groups. An additive complement W ′ to W is said to be minimal if no proper
subset of W ′ is an additive complement to W , i.e.,
W +W ′ = G and W + (W ′ \ {w′}) ( G ∀w′ ∈ W ′.
Nathanson was interested in a number of questions from metric geometry arising in the
context of discrete groups. As an example, the existence of minimal nets in groups is strongly
related to the existence of minimal additive complements of generating sets, see [Nat11, §1]
(see also [Nat11, Problem 1]). A notion stronger to minimal additive complements is that of
additive co-minimal pairs. Given two nonempty subsets A,B of a group G, they are said to
form a co-minimal pair if A ·B = G, and A′ ·B ( G for any ∅ 6= A′ ( A and A ·B′ ( G for
any ∅ 6= B′ ( B. Thus, they are pairs (A ∈ G,B ∈ G) such that each element in a pair is a
minimal additive complement to the other. The notion of co-minimal pairs was considered
in a prior work of the authors see [BS19, Definition 1.2]. Henceforth, by a complement we
shall mean an additive complement. If we mean set-theoretic complement, we shall explicitly
state it.
It is a challenging task to classify the co-minimal pairs in a given group. Even in the
context of the group of integers Z, they are not completely understood. In [BS19], it was
shown that non-empty finite subsets in free abelian groups (not necessarily of finite rank)
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belong to co-minimal pairs. However, the existence and the construction of infinite co-
minimal pairs in Z, i.e., co-minimal pairs (A,B) where both A and B are infinite (A 6= B)
has been unknown. One of our motivations in this article is to show the existence and give
explicit constructions of these pairs. Further, we also study co-minimal pairs in higher rank
integer lattices. Our constructions satisfy certain nice combinatorial and group theoretic
properties. They are mainly motivated by the following questions:
Question 1. Does there exist infinite subsets A,B of Z which form a co-minimal pair and
one of them is bounded below and the other is bounded above?
Question 2. Does there exist infinite subsets A,B of Z which form a co-minimal pair and
at least one of them is a symmetric subset of Z?
In [Kwo19] and [BS19], it was established that (A,A) is a co-minimal pair in an abelian
group G, if and only if A + A = G and A avoids 3-term arithmetic progressions. This
motivates the following two questions when we note that the trivial automorphism σ(g) =
g, ∀g ∈ G fixes any subset A ∈ G.
Question 3. Given an automorphism σ of a group G, does there exist subsets A in G such
that (A, σ(A)) is a co-minimal pair?
Question 4. Given an automorphism σ of Zd, does there exist subsets A in G such that A
is contained in a quadrant 1 and (A, σ(A)) is a co-minimal pair?
Note that Questions 3, 4 are related to Questions 2, 1. Indeed, having affirmative answers
to Questions 2, 1 allows to answer Questions 3, 4 for certain automorphisms of free abelian
groups. For instance, if U ,V are infinite subsets of Z forming a co-minimal pair and V is
symmetric, then taking A = U × V,V × U , we obtain an affirmative answer to Question 3
when G = Z2 and σ = ( 0 1−1 0 ) , (
0 −1
1 0 ). Moreover, if S, T are infinite subsets of Z forming
a co-minimal pair and S (resp. T ) is bounded above (resp. below) by 0, then taking
A = (−S)×T , we obtain an affirmative answer to Question 4 when d = 2 and σ =
(
0 −1
−1 0
)
.
In the following, for ? ∈ {<,≤, >,≥} and x ∈ Z, the set {n ∈ Z |n?x} is denoted by Z?x.
Let X be a subset of Z of the form {n ∈ Z | a ≤ n ≤ b} for some a, b ∈ Z. If X contains an
even number of elements (i.e., if b−a+1 is even), then the subset {x ∈ X | x ≤ b+a−1
2
} (resp.
{x ∈ X | x ≥ b+a+1
2
}) of X is called the left half (resp. right half) of X . If b−a+1 is divisible
by 4, then the subsets {x ∈ X | x ≤ a−1+ b−a+1
4
}, {x ∈ X | a−1+ b−a+1
4
< x ≤ a−1+ b−a+1
2
},
{x ∈ X | a − 1 + b−a+1
2
< x ≤ a − 1 + 3(b−a+1)
4
}, {x ∈ X | a − 1 + 3(b−a+1)
4
< x} of X are
called the first quarter, the second quarter, the third quarter, and the fourth quarter of X
respectively. The first quarter (resp. the fourth quarter) of X is also called the left quarter
(resp. the right quarter) of X .
1.1. Statement of results. In Theorems 1.1, 1.2, we prove that Questions 1, 2 admit
answers in the affirmative. Theorems 1.1, 1.2 follow from Theorems 2.3, 3.3.
Theorem 1.1. Let T denote the subset {1, 2, 22, · · · } of Z. Then there exists an infinite
subset S of Z≤−1 such that (S, T ) is a co-minimal pair.
1 A subset X of Zd is said to be contained in a quadrant if for any given 1 ≤ i ≤ d, the i-th coordinate
of all the points of X is either positive or negative.
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Theorem 1.2. Let V denote the subset of Z defined as
V := {1, 2, 22, 23, · · · } ∪ {−1,−2,−22,−23, · · · }.
Then there exists an infinite subset U of Z≤−1 such that (U ,V) is a co-minimal pair.
Using these two results, we establish Theorems 4.3, 4.4, which prove that Questions 3, 4
admit answers in the affirmative for an infinite class of automorphisms of free abelian groups.
An immediate consequence of Theorem 4.3 is stated below.
Theorem 1.3. If σ is an automorphism of Z2, i.e., an element of GL2(Z) having exactly two
nonzero entries, then there exists a subset A of Z2 such that (A, σ(A)) forms a co-minimal
pair in Z2. For any d ≥ 1, the group Z2d admits infinitely many automorphisms such that
for each such automorphism σ, there exists a subset A of Z2d such that A and σ(A) form a
co-minimal pair.
2. A co-minimal pair involving a bounded below subset
In this section, we establish Theorem 1.1, which follows from Theorem 2.3. Consider the
subsets {Jn}n≥0, {Kn}n≥0, {In}n≥0, {In}n≥0, S of Z defined by
Jn =


{1} if n = 0,
{1} if n = 1,
{1, 2, · · · , 2n−2} ∪ (2n−1 + Jn−1) if n ≥ 2,
Kn =


J0 if n = 0,
J1 if n = 1,
J2 \ {1} if n = 2,
{2n−3 + 1, 2n−3 + 2, 2n−3 + 3, · · · , 2n−2} ∪ (2n−1 + 2n−2 + Jn−2) if n ≥ 3,
In = Kn − (1 + 2
n+1) if n ≥ 0,
In =
{
{−2,−1} if n = 0,
{1, 2, 3, · · · , 2n} − (1 + 2n+1) if n ≥ 1,
S = ∪n≥0In.
Proposition 2.1. The set T is an additive complement of S in Z.
Proof. For any m ≥ 3,
∪mk=3(Ik + 2
k+1) ⊇ ∪mk=3{2
k−3, · · · , 2k−2 − 1} = {1, 2, · · · , 2m−2 − 1}
holds, which implies that S + T contains Z≥1. Note that In is contained in In for all n ≥ 0,
and the union of the sets {In}n≥0 is equal to Z≤−1 and these sets lie next to each other in
the sense that min In = 1+maxIn+1 for all n ≥ 0. Thus, to prove that S+T contains Z, it
suffices to show that S +T contains {0} and In for all n ≥ 0, which we establish by proving
the following statements.
(1) S + T contains the left half of In for all n ≥ 1,
(2) S + T contains the left quarter of the right half of In for all n ≥ 3,
(3) S + T contains the second quarter of the right half of In for all n ≥ 3,
(4) S + T contains the right quarter of In for all n ≥ 4,
(5) S + T contains {0}, I0, I1, the right half of I2 and the right quarter of I3.
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Note that the sets I0 + {1, 2}, I1 + {1, 2}, I2 + {1, 2}, I3 + 2
2 contain {−1, 0}, {−3,−2},
{−5,−4}, {−6} respectively. So, S+T contains I1∪I0∪{0} and the right half of I2. Since
I3 + 1 contains {−9} and I4 + 2
3 contains {−10}, the set S + T contains the right quarter
of I3. This establishes the fifth statement.
Note that for any n ≥ 1, the left half of In is contained in In+3 + 2
n+3, i.e., the inclusions
In+3 + 2
n+3 = Kn+3 − (1 + 2
n+4) + 2n+3
= Kn+3 − (1 + 2
n+3)
⊇ (2n+2 + 2n+1 + Jn+1)− (1 + 2
n+3)
= Jn+1 − (1 + 2
n+1)
⊇ {1, 2, 3, · · · , 2n−1} − (1 + 2n+1)
hold, thus establishing the first statement.
Note that for any n ≥ 3, the left quarter of the right half of In is contained in In+1 + 2
n,
i.e., the inclusions
In+1 + 2
n = Kn+1 − (1 + 2
n+2) + 2n
= Kn+1 − (1 + 2
n+2) + 2n
⊇ (2n + 2n−1 + Jn−1)− (1 + 2
n+2) + 2n
= (2n−1 + Jn−1)− (1 + 2
n+2) + 2n+1
= (2n−1 + Jn−1)− (1 + 2
n+1)
⊇ {2n−1 + 1, 2n−1 + 2, 2n−1 + 3, · · · , 2n−1 + 2n−3} − (1 + 2n+1)
hold, the second quarter of the right half of In is contained in In + 2
n−1, i.e., the inclusions
In + 2
n−1 = Kn − (1 + 2
n+1) + 2n−1
⊇ {2n−3 + 1, 2n−3 + 2, 2n−3 + 3, · · · , 2n−2} − (1 + 2n+1) + 2n−1
= {2n−1 + 2n−3 + 1, 2n−1 + 2n−3 + 2, 2n−1 + 2n−3 + 3, · · · , 2n−1 + 2n−2} − (1 + 2n+1)
hold. This establishes the second and the third statement.
For n ≥ 3, the points in the right quarter of In that lie In are contained in In+1 + 2
n, i.e.,
the inclusions
In+1 + 2
n = (2n−1 + Jn−1)− (1 + 2
n+1)
⊇ (2n−1 + 2n−2 + Jn−2)− (1 + 2
n+1)
hold. Note that for any m ≥ 2,
Jm + {0, 1, 2, 2
2, · · · , 2m−2} ⊇ {1, 2, 3, · · · , 2m}
holds. Indeed, it holds for m = 2, and assuming that
Jk + {0, 1, 2, 2
2, · · · , 2k−2} ⊇ {1, 2, 3, · · · , 2k}
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holds for some integer k ≥ 2, it follows that the inclusions
Jk+1 + {0, 1, 2, 2
2, · · · , 2k−2, 2k−1}
⊇ ({1, 2, · · · , 2k−1} ∪ (2k + Jk)) + {0, 1, 2, 2
2, · · · , 2k−2, 2k−1}
⊇ ({1, 2, · · · , 2k−1}+ {0, 2k−1}) ∪ ((2k + Jk) + {0, 1, 2, 2
2, · · · , 2k−2})
= {1, 2, · · · , 2k} ∪ (2k + (Jk + {0, 1, 2, 2
2, · · · , 2k−2}))
⊇ {1, 2, · · · , 2k} ∪ (2k + {1, 2, 3, · · · , 2k})
= {1, 2, · · · , 2k} ∪ {2k + 1, 2k + 2, 2k + 3, · · · , 2k+1}
= {1, 2, · · · , 2k+1}
hold. Consequently, for any n ≥ 4, the points in the right quarter of In are contained in
(In+1 + 2
n) ∪ (In + {1, 2, 2
2, · · · , 2n−4}), i.e., the inclusions
(In+1 + 2
n) ∪ (In + {1, 2, 2
2, · · · , 2n−4})
⊇ ((2n−1 + 2n−2 + Jn−2)− (1 + 2
n+1)) ∪ (((2n−1 + 2n−2 + Jn−2)− (1 + 2
n+1)) + {1, 2, 22, · · · , 2n−4})
= ((2n−1 + 2n−2 + Jn−2)− (1 + 2
n+1)) + {0, 1, 2, 22, · · · , 2n−4}
= (2n−1 + 2n−2 + (Jn−2 + {0, 1, 2, 2
2, · · · , 2n−4}))− (1 + 2n+1)
⊇ (2n−1 + 2n−2 + {1, 2, 3, · · · , 2n−2})− (1 + 2n+1)
= {2n−1 + 2n−2 + 1, 2n−1 + 2n−2 + 2, 2n−1 + 2n−2 + 3, · · · , 2n} − (1 + 2n+1)
hold. This proves the fourth statement. So, the set S + T contains Z. 
In the above proof, we established that for any n ≥ 3, the left quarter of the right half of
In is contained in In+1 + 2
n, and the second quarter of the right half of In is contained in
In + 2
n−1. In fact, the points of In+1 (which are precisely the points in the left quarter of
the right quarter of In+1) that yield the left quarter of the right half of In and the points of
In (which are precisely the points in the second quarter of the left half of In) that yield the
second quarter of the right half of In cannot be removed from S in a sense made precise in
the following result.
Theorem 2.2. Let S ,T be nonempty subsets of S, T respectively such that S + T = Z.
Then for n ≥ 3, the set T contains 2n−1, S contains the points in the second quarter of the
left half of In, i.e.,
(2.1) S ⊇ {2n−3 + 1, 2n−3 + 2, 2n−3 + 3, · · · , 2n−2} − (1 + 2n+1) for n ≥ 3,
and the points in the left quarter of the right quarter of In+1, i.e.,
(2.2)
S ⊇ {2n+2n−1+1, 2n+2n−1+2, 2n+2n−1+3, · · · , 2n+2n−1+2n−3}−(1+2n+2) for n ≥ 3.
Moreover, T contains 1, 2, S contains −2,−4. Consequently, T is a minimal complement
of S.
Proof. We claim that for any n ≥ 2, no point in the right half of In lie in ∪m6=n,n+1Im + T ,
i.e.,
(2.3)(
{2n−1 + 1, 2n−1 + 2, 2n−1 + 3, · · · , 2n} − (1 + 2n+1)
)
∩ (∪m6=n,n+1Im + T ) = ∅ for n ≥ 2.
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Since the inclusions
(∪0≤m<nIm) + T ⊆ (∪0≤m<nIm) + T
⊆ {−2n,−2n + 1,−2n + 2,−2n + 3, · · · ,−1}+ T
hold and the elements of T are positive, it follows that the smallest element of (∪0≤m<nIm)+T
is greater than −2n, which is greater than the largest element of {2n−1 + 1, 2n−1 + 2, 2n−1 +
3, · · · , 2n} − (1 + 2n+1), and hence
(2.4)(
{2n−1 + 1, 2n−1 + 2, 2n−1 + 3, · · · , 2n} − (1 + 2n+1)
)
∩ (∪0≤m<nIm + T ) = ∅ for n ≥ 1.
For any n ≥ 2, the inclusion In ⊆ In = {1, 2, 3, · · · , 2
n} − (1 + 2n+1) yields that In ∩ Z≥1 =
∅, In ∩ Z≤−2n+1−1 = ∅, and for any m ≥ n + 2, the inclusions
Im + 2
k ⊆ Im + 2
k
⊆ ({1, 2, 3, · · · , 2m} − (1 + 2m+1)) + 2k
= {1, 2, 3, · · · , 2m}+ 2k − 2m+1 − 1
⊆ Z≥1
hold for any k ≥ m+ 1, and the inclusions
Im + 2
k ⊆ Z≤2m−(1+2m+1) + 2
k
= Z≤2m−(1+2m+1)+2k
= Z≤−1−2m+2k
⊆ Z≤−1−2m+2m−1
⊆ Z≤−1−2m−1
⊆ Z≤−2n+1−1
hold for 0 ≤ k < m, and hence
(2.5)(
{2n−1 + 1, 2n−1 + 2, 2n−1 + 3, · · · , 2n} − (1 + 2n+1)
)
∩(∪m≥n+2(Im + (T \ {2
m}))) = ∅ for n ≥ 2.
For any m ≥ 3, the inclusions
Im + 2
m ⊆ ({2m−3 + 1, 2m−3 + 2, 2m−3 + 3, · · · , 2m−2} ∪ (2m−1 + 2m−2 + Jm−2))− (1 + 2
m+1) + 2m
⊆ (Jm ∪ (2
m−1 + 2m−2 + Jm−2))− (1 + 2
m)
⊆ (Jm ∪ (2
m−1 + Jm−1))− (1 + 2
m)
= Jm − (1 + 2
m)
= ({1, 2, · · · , 2m−2} − (1 + 2m)) ∪ · · · ∪ ({1, 2, 3, 22} − (1 + 24)) ∪ ({1, 2} − (1 + 23))
∪ ({1} − (1 + 22)) ∪ ({1} − (1 + 2))
=
(
∪m−2k=0 ({1, 2, 3, · · · , 2
k} − (1 + 2k+2))
)
∪ ({1} − (1 + 2))
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hold, which implies that for n ≥ 2 and m ≥ n+ 1, the inclusions
(Im + 2
m) ∩ In = (Im + 2
m) ∩ ({1, 2, 3, · · · , 2n} − (1 + 2n+1))
⊆
((
∪m−2k=0 ({1, 2, 3, · · · , 2
k} − (1 + 2k+2))
)
∪ ({1} − (1 + 2))
)
∩ In
=
((
∪m−1k=1 ({1, 2, 3, · · · , 2
k−1} − (1 + 2k+1))
)
∪ ({1} − (1 + 2))
)
∩ In
= {1, 2, 3, · · · , 2n−1} − (1 + 2n+1),
hold, which yields
(2.6)(
{2n−1 + 1, 2n−1 + 2, 2n−1 + 3, · · · , 2n} − (1 + 2n+1)
)
∩ (∪m≥n+1(Im + 2
m)) = ∅ for n ≥ 2.
Consequently, Equation (2.3) follows from Equations (2.4), (2.5), (2.6).
We claim that for any n ≥ 3, no point in the second quarter of the right half of In lie in
In+1 + T , i.e.,
(2.7)(
{2n−1 + 2n−3 + 1, 2n−1 + 2n−3 + 2, 2n−1 + 2n−3 + 3, · · · , 2n−1 + 2n−2} − (1 + 2n+1)
)
∩(In+1 + T ) = ∅.
This claim follows since for n ≥ 3, the inclusions
In+1 + 2
k ⊆ In+1 + 2
k
⊆ Z≤2n+1−(1+2n+2)+2k
⊆ Z≤2k−(1+2n+1)
⊆ Z≤2n−1−(1+2n+1)
hold for 0 ≤ k ≤ n− 1, the inclusions
In+1 + 2
n = Kn+1 − (1 + 2
n+2) + 2n
⊆
(
{2n−2 + 1, 2n−2 + 2, · · · , 2n−1} ∪ (2n + 2n−1 + Jn−1)
)
− (1 + 2n+2) + 2n
=
(
{2n−2 + 1, 2n−2 + 2, · · · , 2n−1} − (1 + 2n+2) + 2n
)
∪
(
(2n + 2n−1 + Jn−1)− (1 + 2
n+2) + 2n
)
⊆ Z≤2n−1−(1+2n+2)+2n ∪
(
(2n + 2n−1 + Jn−1)− (1 + 2
n+2) + 2n
)
⊆ Z≤2n−(1+2n+2)+2n ∪
(
(2n + 2n−1 +
(
{1, 2, · · · , 2n−3} ∪ (2n−2 + Jn−2)
)
)− (1 + 2n+2) + 2n
)
⊆ Z≤−(1+2n+1) ∪ Z≤2n+2n−1+2n−3−(1+2n+2)+2n ∪ Z≥2n+2n−1+2n−2+1−(1+2n+2)+2n
⊆ Z≤2n−(1+2n+2)+2n ∪
(
(2n + 2n−1 +
(
{1, 2, · · · , 2n−3} ∪ (2n−2 + Jn−2)
)
)− (1 + 2n+2) + 2n
)
⊆ Z≤−(1+2n+1) ∪ Z≤2n−1+2n−3−(1+2n+1) ∪ Z≥2n−1+2n−2+1−(1+2n+1)
hold, and the inclusions
In+1 + 2
k ⊆ In+1 + 2
k
⊆ Z≥1−(1+2n+2)+2k
= Z≥2k−2n+2
⊆ Z≥0
hold for k ≥ n+ 2.
We claim that for any n ≥ 3, no point in the second quarter of the right half of In lie in
In + (T \ {2
n−1}), i.e.,
(2.8)(
{2n−1 + 2n−3 + 1, 2n−1 + 2n−3 + 2, · · · , 2n−1 + 2n−2} − (1 + 2n+1)
)
∩
(
In + (T \ {2
n−1})
)
= ∅.
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This claim follows since for n ≥ 3,
In = ({2
n−3+1, 2n−3+2, 2n−3+3, · · · , 2n−2}−(1+2n+1))∪((2n−1+2n−2+Jn−2)−(1+2
n+1)),
the inclusions
((2n−1 + 2n−2 + Jn−2)− (1 + 2
n+1)) + T ⊆ Z≥2n−1+2n−2+1−(1+2n+1) + Z≥1
⊆ Z≥2n−1+2n−2+1−(1+2n+1)
hold, the inclusions
({2n−3 + 1, 2n−3 + 2, 2n−3 + 3, · · · , 2n−2} − (1 + 2n+1)) + 2k
⊆ Z≥2n−3+1−(1+2n+1)+2k
⊆ Z≥2n−3+1−(1+2n+1)+2n
= Z≥2n−3+1−(1+2n+1)+2n−1+2n−2+2n−2
⊆ Z≥2n−1+2n−2+1−(1+2n+1)
hold for k ≥ n, and the inclusions
({2n−3 + 1, 2n−3 + 2, 2n−3 + 3, · · · , 2n−2} − (1 + 2n+1)) + 2k
⊆ Z≤2n−2−(1+2n+1)+2k
⊆ Z≤2n−2−(1+2n+1)+2n−2
= Z≤2n−1−(1+2n+1)
⊆ Z≤2n−1+2n−3−(1+2n+1)
hold for k ≤ n− 2.
We now show that Equation (2.1) holds. From Equations (2.3), (2.7), it follows that
(S ∩In)+T ⊇ {2
n−1+2n−3+1, 2n−1+2n−3+2, 2n−1+2n−3+3, · · · , 2n−1+2n−2}−(1+2n+1).
Using Equation (2.8), it follows that 2n−1 ∈ T and
(S ∩In)+2
n−1 ⊇ {2n−1+2n−3+1, 2n−1+2n−3+2, 2n−1+2n−3+3, · · · , 2n−1+2n−2}−(1+2n+1).
Thus Equation (2.1) holds.
We claim that for any n ≥ 3, no point in the left quarter of the right half of In lie in
In + T , i.e.,
(2.9)
(
{2n−1 + 1, 2n−2 + 2, · · · , 2n−1 + 2n−3} − (1 + 2n+1)
)
∩ (In + T ) = ∅ for n ≥ 3.
This claim follows since for n ≥ 3, the inclusions
In + 2
k ⊆ Kn − (1 + 2
n+1) + 2k
⊆
(
{2n−3 + 1, 2n−3 + 2, · · · , 2n−2} ∪ (2n−1 + 2n−2 + Jn−2)
)
− (1 + 2n+1) + 2k
⊆ (Z≤2n−2 ∪ Z≥2n−1+2n−2+1)− (1 + 2
n+1) + 2k
= Z≤2n−2−(1+2n+1)+2k ∪ Z≥2n−1+2n−2+1−(1+2n+1)+2k
⊆ Z≤2n−2−(1+2n+1)+2n−2 ∪ Z≥2n−1+2n−2+1−(1+2n+1)
⊆ Z≤2n−1−(1+2n+1) ∪ Z≥2n−1+2n−2+1−(1+2n+1)
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hold for k ≤ n− 2, and the inclusions
In + 2
k = Kn − (1 + 2
n+1) + 2k
⊆
(
{2n−3 + 1, 2n−3 + 2, · · · , 2n−2} ∪ (2n−1 + 2n−2 + Jn−2)
)
− (1 + 2n+1) + 2k
⊆ (Z≥2n−3+1 ∪ Z≥2n−1+2n−2+1)− (1 + 2
n+1) + 2k
⊆ Z≥2n−3+1 − (1 + 2
n+1) + 2k
= Z≥2n−3+1−(1+2n+1)+2k
⊆ Z≥2n−3+1−(1+2n+1)+2n−1
= Z≥2n−1+2n−3+1−(1+2n+1)
hold for k ≥ n− 1.
We claim that for any n ≥ 3, no point in the left quarter of the right half of In lie in
In+1 + (T \ {2
n}), i.e.,
(2.10)
(
{2n−1 + 1, 2n−1 + 2, · · · , 2n−1 + 2n−3} − (1 + 2n+1)
)
∩ (In+1 + (T \ {2
n})) = ∅.
This claim follows since for n ≥ 3, the inclusions
In+1 + 2
k ⊆ In+1 + 2
k
= ({1, 2, 3, · · · , 2n+1} − (1 + 2n+2)) + 2k
⊆ Z≥1−(1+2n+2)+2k
= Z≥2k−2n+2
⊆ Z≥0
hold for k ≥ n+ 2, the inclusions
In+1 + 2
n+1 = Kn+1 − (1 + 2
n+2) + 2n+1
=
(
{2n−2 + 1, 2n−2 + 2, · · · , 2n−1} ∪ (2n + 2n−1 + Jn−1)
)
− (1 + 2n+2) + 2n+1
=
(
{2n−2 + 1, 2n−2 + 2, · · · , 2n−1} ∪ (2n + 2n−1 + Jn−1)
)
− (1 + 2n+1)
⊆ (Z≤2n−1 ∪ Z≥2n+2n−1+1)− (1 + 2
n+1)
⊆ Z≤2n−1−(1+2n+1) ∪ Z≥2n+1−(1+2n+1)
hold, and the inclusions
In+1 + 2
k ⊆ In+1 + 2
k
= ({1, 2, 3, · · · , 2n+1} − (1 + 2n+2)) + 2k
⊆ Z≤2n+1−(1+2n+2)+2k
= Z≤2k−(1+2n+1)
⊆ Z≤2n−1−(1+2n+1)
hold for k ≤ n− 1.
We now show that Equation (2.2) holds. From Equations (2.3), (2.9), it follows that
(S ∩ In+1) + T ⊇ {2
n−1 + 1, 2n−1 + 2, 2n−1 + 3, · · · , 2n−1 + 2n−3} − (1 + 2n+1).
Using Equation (2.10), it follows that 2n ∈ T and
(S ∩ In+1) + 2
n ⊇ {2n−1 + 1, 2n−1 + 2, 2n−1 + 3, · · · , 2n−1 + 2n−3} − (1 + 2n+1).
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So the inclusions
S ⊇ {2n−1 + 1, 2n−1 + 2, 2n−1 + 3, · · · , 2n−1 + 2n−3} − (1 + 2n+1)− 2n
= {2n + 2n−1 + 1, 2n + 2n−1 + 2, 2n + 2n−1 + 3, · · · , 2n + 2n−1 + 2n−3} − (1 + 2n+1)− 2n − 2n
= {2n + 2n−1 + 1, 2n + 2n−1 + 2, 2n + 2n−1 + 3, · · · , 2n + 2n−1 + 2n−3} − (1 + 2n+2).
hold, which establishes Equation (2.2).
Note that S + (T \ {1}) does not contain −1. It follows that a = 0. So 1 ∈ T and
−2 ∈ S . The integer −5− (1+25) does not lie in S+(T \ {2}). Hence T contains 2. Note
that (S \ {−4}) + T does not contain −3. It follows that −4 ∈ S . Consequently, T is a
minimal complement of S. 
By Theorem 2.2, it follows that T is a minimal complement of S. However, it turns out
that S is not a minimal complement of T . In fact,
S \ {22n + 22n−1 + 22n−2 + · · ·+ 24 + 23 +
22
2
− (1 + 22n+2) |n ≥ 3}
is also an additive complement of T . In the following result, we prove that S contains a
subset S such that S is a minimal complement of T .
Theorem 2.3. Let S = {−x1,−x2,−x3, · · · } where x1 < x2 < x3 < · · · . Define S1 = S and
for each positive integer i ≥ 1, define
Si+1 :=
{
Si \ {−xi} if Si \ {−xi} is a complement to T ,
Si otherwise.
Let S denote the subset ∩i≥1Si of Z. The subsets S and T of Z form a co-minimal pair.
Proof. By Theorem 2.2, for i ≥ 1, Si contains the points in the second quarter of the left
half of In, i.e.,
(2.11) Si ⊇ {2
n−3 + 1, 2n−3 + 2, 2n−3 + 3, · · · , 2n−2} − (1 + 2n+1) for n ≥ 3,
thus S contains these points and hence Z≥1 is contained in S + T . By Theorem 2.2, for any
i ≥ 1, Si contains −2,−4. So {−3,−2,−1, 0} ∈ S + T . By Theorem 2.2, for any i ≥ 1, Si
contains the points in the left quarter of the right quarter of In, i.e.,
(2.12)
Si ⊇ {2
n−1+2n−2+1, 2n−1+2n−2+2, 2n−1+2n−2+3, · · · , 2n−1+2n−2+2n−4}−(1+2n+1) for n ≥ 4,
thus S contains these points and hence the left half of In is contained in S+T for any n ≥ 1.
It remains to show that the second half of In is also contained in S + T for any n ≥ 2.
For any element y ∈ Z≤−1 that lie in the right half of some In for some n ≥ 2 and for any
i ≥ 1, there exist elements sy,i ∈ Si, ty,i ∈ T such that y = sy,i + ty,i. By Equation (2.3), it
follows that for some element sy ∈ S, the equality sy = sy,i holds for infinitely many i and
for such integers i, we have ty = ty,i where ty := y − sy ∈ T . Thus y − ty = sy,i holds for
infinitely many i. Hence, for each integer i ≥ 1, there exists an integer mi ≥ i such that
y − ty = sy,mi , which yields y ∈ ty + Smi ⊆ ty + Si. Thus y lies in ty + S. This proves
that the second half of In is also contained in S + T for any n ≥ 2. Hence S is an additive
complement of T . It follows that S is a minimal complement to T .
By Theorem 2.2, it follows that T is a minimal complement to S. This proves that (S, T )
is a co-minimal pair. 
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3. A co-minimal pair involving an infinite symmetric subset
In this section, we establish Theorem 1.2, which follows from Theorem 3.3. Consider the
subsets {In}n≥0, {Un}n≥0 of Z defined by
In =
{
{−2,−1} if n = 0,
{1, 2, 3, · · · , 2n} − (1 + 2n+1) for n ≥ 1,
Un =


{−2,−1} if n = 0,
∅ if n = 1, 2,
{6} − (1 + 24) if n = 3,
{3, 4, 14} − (1 + 25) if n = 4,
((2n−3 + {1, 2, 3, · · · , 2n−3}) ∪ (2n−1 + 2n−2 + {1, 2, 3, · · · , 2n−4}))− (1 + 2n+1) if n ≥ 5.
Denote the union ∪n≥0Un by U .
Proposition 3.1. The set V is an additive complement of U in Z.
Proof. Since the inclusion
U0 + {2} ⊇ {0, 1}
holds and the inclusions
∪mk=4(Uk + 2
k+1) ⊇ ∪mk=4(2
k−3 + {0, 1, 2, · · · , 2k−3 − 1})
⊇ {2, 3, 4, · · · , 2m−2 − 1}
hold for any m ≥ 4, it follows that U + V contains Z≥0.
Note that
Un ⊆ In for all n ≥ 0,
and ⋃
n≥0
In = Z≤−1,
and the sets In lie next to each other in the sense that
min In = 1 +max In+1 for all n ≥ 0.
Thus, to prove that U + V is equal to Z, it remains to show that U + V contains In for all
n ≥ 0.
The left half of In is contained in Un+3 + 2
n+3 for any n ≥ 1, i.e., the inclusions
Un+3 + 2
n+3 ⊇ (2n+2 + 2n+1 + {1, 2, 3, · · · , 2n−1})− (1 + 2n+4) + 2n+3
= ({1, 2, 3, · · · , 2n−1} − (1 + 2n+1)) + (1 + 2n+1) + 2n+2 + 2n+1 − (1 + 2n+4) + 2n+3
= {1, 2, 3, · · · , 2n−1} − (1 + 2n+1)
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hold for any n ≥ 1. The third quarter of In is contained in the set (Un+1+2
n)∪ (Un+2
n−1)
for n ≥ 4, i.e., the inclusions
(Un+1 + 2
n) ∪ (Un + 2
n−1) ⊇
(
(2n + 2n−1 + {1, 2, 3, · · · , 2n−3})− (1 + 2n+2) + 2n
)
∪
(
(2n−3 + {1, 2, 3, · · · , 2n−3})− (1 + 2n+1) + 2n−1
)
⊇ ((2n−1 + {1, 2, 3, · · · , 2n−3})− (1 + 2n+1))
∪ ((2n−1 + 2n−3 + {1, 2, 3, · · · , 2n−3})− (1 + 2n+1))
⊇ (2n−1 + {1, 2, 3, · · · , 2n−2})− (1 + 2n+1)
hold for n ≥ 4. The left half of the right quarter of I4 is contained in the set (U3 +
(−23)) ∪ (U4 + (−1)), and the left half of the right quarter of In is contained in the set
(Un + (−2
n−5)) ∪ (Un + 2
n−5) ∪ (Un + 2
n−4) for n ≥ 5, i.e., the inclusions
(Un + (−2
n−5)) ∪ (Un + 2
n−5) ∪ (Un + 2
n−4)
⊇ ((2n−1 + 2n−2 + {1, 2, 3, · · · , 2n−4})− (1 + 2n+1)) + {−2n−5, 2n−5, 2n−4}
⊇
(
((2n−1 + 2n−2 + {2n−5 + 1, 2n−5 + 2, 2n−5 + 3, · · · , 2n−4})− (1 + 2n+1))− 2n−5
)
∪
(
((2n−1 + 2n−2 + {1, 2, 3, · · · , 2n−5})− (1 + 2n+1)) + 2n−5
)
∪
(
((2n−1 + 2n−2 + {1, 2, 3, · · · , 2n−4})− (1 + 2n+1)) + 2n−4
)
⊇ ((2n−1 + 2n−2 + {1, 2, 3, · · · , 2n−4})− (1 + 2n+1))
∪ ((2n−1 + 2n−2 + 2n−4 + {1, 2, 3, · · · , 2n−4})− (1 + 2n+1))
⊇ (2n−1 + 2n−2 + {1, 2, 3, · · · , 2n−3})− (1 + 2n+1),
hold for n ≥ 5. The right half of the right quarter of I4 is contained in the set U0 + (−2
4),
and the right half of the right quarter of In is contained in the set (Un+2
n−3)∪(Un−1−2
n−3)
for n ≥ 5, i.e., the inclusions
(Un + 2
n−3) ∪ (Un−1 − 2
n−3)
⊇
(
((2n−1 + 2n−2 + {1, 2, 3, · · · , 2n−4})− (1 + 2n+1)) + 2n−3
)
∪
(
((2n−4 + {1, 2, 3, · · · , 2n−4})− (1 + 2n))− 2n−3
)
=
(
((2n−1 + 2n−2 + 2n−3 + {1, 2, 3, · · · , 2n−4})− (1 + 2n+1)
)
∪
(
((2n−1 + 2n−2 + 2n−3 + 2n−4 + {1, 2, 3, · · · , 2n−4})− (1 + 2n))− 2n−3 − 2n−1 − 2n−2 − 2n−3
)
=
(
((2n−1 + 2n−2 + 2n−3 + {1, 2, 3, · · · , 2n−4})− (1 + 2n+1)
)
∪
(
(2n−1 + 2n−2 + 2n−3 + 2n−4 + {1, 2, 3, · · · , 2n−4})− (1 + 2n+1)
)
= (2n−1 + 2n−2 + 2n−3 + {1, 2, 3, · · · , 2n−3})− (1 + 2n+1)
hold for n ≥ 5. This proves that In is contained in U+V for n ≥ 4, and hence U+V contains
Z≤24−(1+25) = Z≤−1−24 . Also note that the left half of I1, I2, I3 is contained in U + V. From
the inclusions
(U4 ∪ U3 ∪ U0) + {−4,−2,−1, 1, 2, 4, 8}
⊇ ((U4 + {8}) ∪ (U3 + {−1, 1, 2})) ∪ (U0 + {−4}) ∪ (U0 + {−2}) ∪ (U0 + {−1, 1})
⊇ ({5, 6, 7, 8} − (1 + 24)) ∪ ({3, 4} − (1 + 23)) ∪ ({1, 2} − (1 + 22)) ∪ {−2,−1},
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it follows that the subsets I0, I1 and the right half of I2, I3 is contained in U + V. Hence V
is an additive complement of U . 
Theorem 3.2. The set V is a minimal complement of U in Z.
Proof. By Proposition 3.1, V is an additive complement of U . To prove that V is a minimal
complement of U in Z, it suffices to prove that if V is nonempty subset of V satisfying
U + V = Z, then V = V, which follows from the nine claims below. Indeed, the third claim
below implies that 2n ∈ V for all n ≥ 2, the fourth (resp. fifth, sixth, seventh, eighth) claim
implies that V contains 2 (resp. 1,−1,−2,−4), and the ninth claim implies that V contains
−2n for all n ≥ 3. Thus, from the following claims, it follows that V = V and hence V is a
minimal complement to U .
We claim the following.
Claim 1. For any n ≥ 2, no point in the right half of In lie in ∪m≥n+2Um + V, i.e.,
(3.1)(
{2n−1 + 1, 2n−1 + 2, 2n−1 + 3, · · · , 2n} − (1 + 2n+1)
)
∩ (∪m≥n+2Um + V) = ∅ for n ≥ 2.
Claim 2. For any n ≥ 3, no point in the right half of In lie in Un+1 + (V \ {2
n}), i.e.,
(3.2)(
{2n−1 + 1, 2n−1 + 2, 2n−1 + 3, · · · , 2n} − (1 + 2n+1)
)
∩ (Un+1 + (V \ {2
n})) = ∅ for n ≥ 3.
Claim 3. For any n ≥ 5, the largest element of the third quarter of the right quarter of In
does not lie in U + (V \ {2n−3}), more precisely,
(3.3)
2n−1+2n−2+2n−3+2n−4− (1+2n+1) /∈ (Un+(V \{2
n−3}))∪ (∪m≥0,m6=nUm+V) for n ≥ 5.
Claim 4.
(3.4) 1 /∈ ((U \ {−1}) + V) ∪ (−1 + (V \ {2})).
Claim 5.
(3.5) 26− (1 + 26) /∈ ((U \ {25− (1 + 26)}) + V) ∪ (25− (1 + 26) + (V \ {1})).
Claim 6.
(3.6) 25− (1 + 26) /∈ ((U \ {26− (1 + 26)}) + V) ∪ (26− (1 + 26) + (V \ {−1})).
Claim 7.
(3.7) − 4 /∈ ((U \ {−2}) + V) ∪ (−2 + (V \ {−2})).
Claim 8.
(3.8) − 6 /∈ ((U \ {−2}) + V) ∪ (−2 + (V \ {−4})).
Claim 9. For any n ≥ 6, the third largest element of In, i.e., the integer 2
n−2− (1+2n+1)
does not belong to U + (V \ {−2n−3}), i.e.,
(3.9) 2n − 1− (1 + 2n+1) /∈ U + (V \ {−2n−3}).
First, we establish Equation (3.1). For any n ≥ 2, the inclusion Un ⊆ In = {1, 2, 3, · · · , 2
n}−
(1 + 2n+1) yields that
Un ∩ Z≥0 = ∅, Un ∩ Z≤−2n+1−1 = ∅,
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and for any m ≥ n + 2 with n ≥ 2, the inclusions
Um + v ⊆ Im + v
⊆ ({1, 2, 3, · · · , 2m} − (1 + 2m+1)) + v
= {1, 2, 3, · · · , 2m}+ v − 2m+1 − 1
⊆ Z≥0
hold for any v ∈ V with v ≥ 2m+1, and the inclusions
Um + v ⊆ Z≤2m−(1+2m+1) + v
= Z≤2m−(1+2m+1)+v
= Z≤−1−2m+v
⊆ Z≤−1−2m+2m−1
⊆ Z≤−1−2m−1
⊆ Z≤−(1+2n+1)
hold for any v ∈ V with v ≤ 2m−1, and hence
(3.10)(
{2n−1 + 1, 2n−1 + 2, 2n−1 + 3, · · · , 2n} − (1 + 2n+1)
)
∩(∪m≥n+2(Um + (V \ {2
m}))) = ∅ for n ≥ 2.
For any m ≥ 4, the inclusions
Um + 2
m ⊆ ((2m−3 + {1, 2, 3, · · · , 2m−3}) ∪ (2m−1 + 2m−2 + {1, 2, 3, · · · , 2m−4}))− (1 + 2m+1) + 2m
= ((2m−3 + {1, 2, 3, · · · , 2m−3}) ∪ (2m−1 + 2m−2 + {1, 2, 3, · · · , 2m−4}))− (1 + 2m)
⊆ ({1, 2, 3, · · · , 2m−2} − (1 + 2m)) ∪ (2m−1 + 2m−2 + {1, 2, 3, · · · , 2m−4} − (1 + 2m))
= ({1, 2, 3, · · · , 2m−2} − (1 + 2m)) ∪ ({1, 2, 3, · · · , 2m−4} − (1 + 2m−2))
hold, which implies that for n ≥ 3 and m ≥ n+1, the set Um+2
m is contained in the union
of the left half of Im−1 and the left half of Im−3, and hence
(3.11)(
{2n−1 + 1, 2n−1 + 2, 2n−1 + 3, · · · , 2n} − (1 + 2n+1)
)
∩(∪m≥n+1(Um + 2
m)) = ∅ for n ≥ 3.
From Equations (3.10), (3.11), Equation (3.1) follows.
Now, we prove that Equation (3.2) holds. For any m ≥ 4, the inclusions
Um + v ⊆ Z≥1−(1+2m+1) + v
= Z≥1−(1+2m+1)+v
⊆ Z≥1−(1+2m+1)+2m+1
= Z≥0
hold for v ∈ V with v ≥ 2m+1, and the inclusions
Um + v ⊆ Z≤2m−(1+2m+1) + v
= Z≤2m−(1+2m+1)+v
⊆ Z≤2m−(1+2m+1)+2m−2
= Z≤2m−2−(1+2m)
hold for v ∈ V with v ≤ 2m−2, and thus Equation (3.11) yields Equation (3.2).
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Now, we show that Equation (3.3) holds. Note that the inclusions
In ∩ (∪0≤m<nUm + v) ⊆ In ∩ (∪0≤m<nIm + v)
⊆ In ∩ (Z≤−1 + v)
⊆ Z≥1−(1+2n+1) ∩ (Z≤−(1+2n+1))
⊆ ∅
hold for any n ≥ 5 and for any v ∈ V with v ≤ −2n+1. The inclusions
({2n−1 + 2n−2 + 2n−3 + k | 1 ≤ k ≤ 2n−4} − (1 + 2n+1)) ∩ (∪0≤m<nUm − 2
n)
⊆ ({2n−1 + 2n−2 + 2n−3 + k | 1 ≤ k ≤ 2n−4} − (1 + 2n+1))
∩ (((Un−1 ∪ Un−2 ∪ Un−3) ∪ Un−4 ∪ (∪0≤m≤n−5Um))− 2
n)
⊆ ({2n−1 + 2n−2 + 2n−3 + k | 1 ≤ k ≤ 2n−4} − (1 + 2n+1))
∩ (((In−1 ∪ In−2 ∪ In−3) ∪ Un−4 ∪ (∪0≤m≤n−5Im))− 2
n)
⊆ ({2n−1 + 2n−2 + 2n−3 + k | 1 ≤ k ≤ 2n−4} − (1 + 2n+1))
∩ (((Z≤2n−4−1−(1+2n−3)) ∪ (Z≥1−(1+2n−4)))− 2
n)
⊆ ({2n−1 + 2n−2 + 2n−3 + k | 1 ≤ k ≤ 2n−4} − (1 + 2n+1))
∩ ((Z≤2n−4−1−(1+2n−3) − 2
n) ∪ ((Z≥1−(1+2n−4))− 2
n))
⊆ ({2n−1 + 2n−2 + 2n−3 + k | 1 ≤ k ≤ 2n−4} − (1 + 2n+1))
∩ (Z≤2n−4−1−(1+2n−3)−2n ∪ Z≥1−(1+2n−4)−2n)
⊆ ({2n−1 + 2n−2 + 2n−3 + k | 1 ≤ k ≤ 2n−4} − (1 + 2n+1))
∩ (Z≤2n−1+2n−2+2n−3+2n−4−1−(1+2n+1) ∪ Z≥2n−1+2n−2+2n−3+2n−4+1−(1+2n+1))
⊆ ({2n−1 + 2n−2 + 2n−3 + k | 1 ≤ k ≤ 2n−4} − (1 + 2n+1))
∩ Z≤2n−1+2n−2+2n−3+2n−4−1−(1+2n+1)
⊆ Z≤2n−1+2n−2+2n−3+2n−4−1−(1+2n+1)
hold for n ≥ 5. The inclusions
In ∩ (∪0≤m<nUm − 2
n−1)
⊆ (Un−1 − 2
n−1) ∪ (In ∩ (∪0≤m≤n−2Um − 2
n−1))
⊆
(
(((2n−4 + {1, 2, 3, · · · , 2n−4}) ∪ (2n−2 + 2n−3 + {1, 2, 3, · · · , 2n−5}))− (1 + 2n))− 2n−1
)
∪ (In ∩ (∪0≤m≤n−2Im − 2
n−1))
⊆
(
((2n−4 + {1, 2, 3, · · · , 2n−4})− (1 + 2n + 2n−1))
∪ ((2n−2 + 2n−3 + {1, 2, 3, · · · , 2n−5})− (1 + 2n + 2n−1)))
)
∪ (In ∩ (Z≥1−(1+2n−1) − 2
n−1))
=
(
((2n−1 + 2n−4 + {1, 2, 3, · · · , 2n−4})− (1 + 2n+1))
∪ ((2n−1 + 2n−2 + 2n−3 + {1, 2, 3, · · · , 2n−5})− (1 + 2n+1)))
)
∪ (In ∩ (Z≥−2n))
=
(
Z≤2n−1+2n−4+2n−4−(1+2n+1) ∪ Z≤2n−1+2n−2+2n−3+2n−5−(1+2n+1)
)
∪ (In ∩ (Z≥2n+1−(1+2n+1)))
= Z≤2n−1+2n−3−(1+2n+1) ∪ Z≤2n−1+2n−2+2n−3+2n−5−(1+2n+1)
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hold for any n ≥ 5. The inclusions
In ∩ (∪0≤m<nUm − 2
n−2)
⊆ (Un−1 − 2
n−2) ∪ (In ∩ (∪0≤m≤n−2Um − 2
n−2))
⊆
(
(((2n−4 + {1, 2, 3, · · · , 2n−4}) ∪ (2n−2 + 2n−3 + {1, 2, 3, · · · , 2n−5 + 1}))− (1 + 2n))− 2n−2
)
∪ (In ∩ (∪0≤m≤n−2Im − 2
n−2))
⊆
(
((2n−4 + {1, 2, 3, · · · , 2n−4})− (1 + 2n + 2n−2))
∪ ((2n−2 + 2n−3 + {1, 2, 3, · · · , 2n−5 + 1})− (1 + 2n + 2n−2)))
)
∪ (In ∩ (Z≥1−(1+2n−1) − 2
n−2))
=
(
((2n−1 + 2n−2 + 2n−4 + {1, 2, 3, · · · , 2n−4})− (1 + 2n+1))
∪ ((2n−3 + {1, 2, 3, · · · , 2n−5 + 1})− (1 + 2n)))
)
∪ (In ∩ (Z≥−2n−1−2n−2))
=
(
((2n−1 + 2n−2 + 2n−4 + {1, 2, 3, · · · , 2n−4})− (1 + 2n+1))
∪ ((2n−1 + 2n−2 + 2n−3 + 2n−4 + {1, 2, 3, · · · , 2n−5 + 1})− (1 + 2n+1)))
)
∪ (In ∩ (Z≥2n+(1+2n−2)−(1+2n+1)))
=
(
((2n−1 + 2n−2 + 2n−4 + {1, 2, 3, · · · , 2n−4})− (1 + 2n+1))
∪ ((2n−1 + 2n−2 + 2n−3 + 2n−4 + {1, 2, 3, · · · , 2n−5 + 1})− (1 + 2n+1)))
)
hold for any n ≥ 5. The inclusions
∪0≤m<nUm + v ⊆ Z≥2n−4+1−(1+2n) + v
⊆ Z≥2n−4+1−(1+2n)−2n−3
⊆ Z≥2n−1+2n−2+2n−3+2n−4+1−(1+2n+1)
hold for any n ≥ 5 and for any v ∈ V with v ≥ −2n−3. These inclusions prove that for
n ≥ 5, the largest element of the third quarter of the right quarter of In does not belong to
∪0≤m<nUm + V, i.e.,
2n−1 + 2n−2 + 2n−3 + 2n−4 − (1 + 2n+1) /∈ ∪0≤m<nUm + V.
Combining the above with Equations (3.1), (3.2), we obtain
2n−1+2n−2+2n−3+2n−4−(1+2n+1) /∈ (∪m≥0,m6=n,n+1Um + V)∪(Un+1+(V\{2
n})) for n ≥ 5.
Since the inclusions
Un+1 + 2
n ⊆ Z≤2n+2n−1+2n−3−(1+2n+2) + 2
n
⊆ Z≤2n+2n−1+2n−3−(1+2n+2)+2n
⊆ Z≤2n−1+2n−3−(1+2n+1)
hold for n ≥ 5, it follows that
2n−1 + 2n−2 + 2n−3 + 2n−4 − (1 + 2n+1) /∈ (∪m≥0,m6=nUm + V) for n ≥ 5.
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Note that the inclusions
Un + v ⊆ Z≥1−(1+2n+1) + v
⊆ Z≥1−(1+2n+1)+v
⊆ Z≥1−(1+2n+1)+2n
⊆ Z≥1−(1+2n)
hold for any v ∈ V with v ≥ 2n, the inclusions
Un + 2
n−1 ⊆ (Z≤2n−3+2n−3−(1+2n+1) ∪ Z≥2n−1+2n−2+1−(1+2n+1)) + 2
n−1
⊆ (Z≤2n−2−(1+2n+1) ∪ Z≥2n−1+2n−2+1−(1+2n+1)) + 2
n−1
⊆ Z≤2n−2−(1+2n+1)+2n−1 ∪ Z≥2n−1+2n−2+1−(1+2n+1)+2n−1
⊆ Z≤2n−1+2n−2−(1+2n+1) ∪ Z≥1+2n−2−(1+2n)
hold, the inclusions
Un + 2
n−2 ⊆ (Z≤2n−3+2n−3−(1+2n+1) ∪ Z≥2n−1+2n−2+1−(1+2n+1)) + 2
n−2
⊆ (Z≤2n−2−(1+2n+1) ∪ Z≥2n−1+2n−2+1−(1+2n+1)) + 2
n−2
⊆ Z≤2n−2−(1+2n+1)+2n−2 ∪ Z≥2n−1+2n−2+1−(1+2n+1)+2n−2
⊆ Z≤2n−3−(1+2n+1) ∪ Z≥1−(1+2n)
hold, and the inclusions
Un + v ⊆ Z2n−1+2n−2+2n−4−(1+2n+1) + v
⊆ Z2n−1+2n−2+2n−4−(1+2n+1)+v
⊆ Z2n−1+2n−2+2n−4−(1+2n+1)+2n−4
⊆ Z2n−1+2n−2+2n−3−(1+2n+1)
hold for any v ∈ V with v ≤ 2n−4. This yields Equation (3.3).
Now, we show that Equation (3.4) holds. The inclusions
Un + v ⊆ Z≤2n−(1+2n+1) + v
⊆ Z≤2n−(1+2n+1)+v
⊆ Z≤2n−(1+2n+1)+2n
⊆ Z≤−1
hold for any n ≥ 1 and v ∈ V with v ≤ 2n. The inclusions
Un + 2
n+1 ⊆ Z≥3−(1+2n+1) + 2
n+1
⊆ Z≥3−(1+2n+1)+2n+1
⊆ Z≥2
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hold for any n ≥ 1. The inclusions
Un + v ⊆ Z≥1−(1+2n+1) + v
⊆ Z≥1−(1+2n+1)+v
⊆ Z≥1−(1+2n+1)+2n+2
⊆ Z≥2n+1
hold for any n ≥ 1 and v ∈ V with v ≥ 2n+2. This proves that
1 /∈ (U \ U0) + V = (U \ {−2,−1}) + V.
Note that
−2 + V ⊆ (−2 + {1}) ∪ (−2 + (V \ {1}))
⊆ {−1} ∪ (−2 + (V \ {1}))
and the elements of −2 + (V \ {1}) are even. So 1 does not belong to −2 + V. So 1 /∈
(U \ {−1}) + V, and hence Equation (3.4) holds.
Now, we prove that Equations (3.5), (3.6) hold. By Equations (3.1), (3.2), we obtain
({25, 26} − (1 + 26)) ∩
(
(U6 + (V \ {2
5})) ∪ (∪m≥7Um + V)
)
= ∅.
It follows that
({25, 26} − (1 + 26)) ∩ (U6 + 2
5) = ∅,
({25, 26} − (1 + 26)) ∩ ((U0 ∪ · · · ∪ U4) + V) = ∅,
and hence
({25, 26} − (1 + 26)) ∩ (∪m6=5Um + V) = ∅.
It also follows that
({26} − (1 + 26)) ∩ ((U5 \ {25− (1 + 2
6)}) + V) = ∅,
({26} − (1 + 26)) ∩ (25− (1 + 26) + (V \ {1})) = ∅,
({25} − (1 + 26)) ∩ ((U5 \ {26− (1 + 2
6)}) + V) = ∅,
({25} − (1 + 26)) ∩ (26− (1 + 26) + (V \ {−1})) = ∅.
Consequently, Equations (3.5), (3.6) hold.
By considering the representation of the integer −4 as a sum of an element of U and an
element of V, Equation (3.7) follows.
Using Equations (3.1), (3.2), we obtain
{−6} ∩
(
(U4 + (V \ {2
3}) ∪ (∪m≥5Um + V)
)
= ∅.
Then Equation (3.8) follows from considering the representation of −6.
Now, we prove that Equation (3.9) holds. Note that the inclusions
∪0≤m≤n−2Um + v ⊆ Z≥1−(1+2n−1) + v
⊆ Z≥1−(1+2n−1)+v
⊆ Z≥1−(1+2n−1)−2n−1
⊆ Z≥1−(1+2n)
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hold for n ≥ 6 and for any v ∈ V with v ≥ −2n−1. The inclusions
∪0≤m≤n−2Um + v ⊆ Z≤−1 + v
⊆ Z≤−1+v
⊆ Z≤−1−2n+1
hold for n ≥ 6 and for any v ∈ V with v ≤ −2n+1. The inclusions
∪0≤m≤n−2Um − 2
n ⊆ (∪3≤m≤n−2Im − 2
n) ∪ ({−2,−1} − 2n)
⊆ (Z≤−9 − 2
n) ∪ ({−1, 0} − (1 + 2n))
⊆ (Z≤−8−(1+2n)) ∪ ({−1, 0} − (1 + 2
n))
= (Z≤2n−8−(1+2n+1)) ∪ ({2
n − 1, 2n} − (1 + 2n+1))
hold for n ≥ 6. These inclusions prove that for n ≥ 6, the third largest element of In does
not belong to ∪0≤m≤n−2Um + V, i.e.,
2n − 2− (1 + 2n+1) /∈ ∪0≤m≤n−2Um + V.
Combining the above with Equations (3.1), (3.2), we obtain
2n − 2− (1 + 2n+1) /∈ (∪m≥0,m6=n−1,n,n+1Um + V) ∪ (Un+1 + (V \ {2
n})) for n ≥ 6.
Since the inclusions
Un+1 + 2
n ⊆ Z≤2n+2n−1+2n−3−(1+2n+2) + 2
n
⊆ Z≤2n+2n−1+2n−3−(1+2n+2)+2n
⊆ Z≤2n−1+2n−3−(1+2n+1)
⊆ Z≤2n−1+2n−1−3−(1+2n+1)
⊆ Z≤2n−3−(1+2n+1)
hold for n ≥ 6, it follows that
2n − 2− (1 + 2n+1) /∈ (∪m≥0,m6=n−1,nUm + V) for n ≥ 6.
The inclusions
Un + v ⊆ Z≥1−(1+2n+1) + v
⊆ Z≥1−(1+2n+1)+v
⊆ Z≥1−(1+2n+1)+2n
= Z≥2n+1−(1+2n+1)
hold for any n ≥ 5 and for any v ∈ V with v ≥ 2n. The inclusions
Un + 2
n−1 ⊆
(
Z≤2n−3+2n−3−(1+2n+1) ∪ Z≥2n−1+2n−2+1−(1+2n+1)
)
+ 2n−1
= Z≤2n−3+2n−3+2n−1−(1+2n+1) ∪ Z≥2n−1+2n−2+1+2n−1−(1+2n+1)
= Z≤2n−2+2n−1−(1+2n+1) ∪ Z≥2n+2n−2+1−(1+2n+1)
= Z≤2n−2n−2−(1+2n+1) ∪ Z≥2n+2n−2+1−(1+2n+1)
⊆ Z≤2n−3−(1+2n+1) ∪ Z≥2n+2n−2+1−(1+2n+1)
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hold for any n ≥ 6. The inclusions
Un + 2
n−2 ⊆
(
Z≤2n−3+2n−3−(1+2n+1) ∪ Z≥2n−1+2n−2+1−(1+2n+1)
)
+ 2n−2
= Z≤2n−3+2n−3+2n−2−(1+2n+1) ∪ Z≥2n−1+2n−2+1+2n−2−(1+2n+1)
= Z≤2n−1−(1+2n+1) ∪ Z≥2n+1−(1+2n+1)
hold for any n ≥ 6. The inclusions
Un + v ⊆ Z≤2n−1+2n−2+2n−4−(1+2n+1) + v
⊆ Z≤2n−1+2n−2+2n−4−(1+2n+1)+v
⊆ Z≤2n−1+2n−2+2n−4−(1+2n+1)+2n−3
= Z≤2n−1+2n−2+2n−3+2n−4−(1+2n+1)
= Z≤2n−2n−4−(1+2n+1)
⊆ Z≤2n−3−(1+2n+1)
hold for any n ≥ 6 and for any v ∈ V with v ≤ 2n−3. Consequently, we obtain
2n − 2− (1 + 2n+1) /∈ (∪m≥0,m6=n−1Um + V) for n ≥ 6.
The inclusions
Un−1 + v ⊆ Z≥2n−4+1−(1+2n) + v
⊆ Z≥2n−4+1−(1+2n)−2n−4
= Z≥1−(1+2n)
= Z≥2n+1−(1+2n+1)
hold for n ≥ 6 and for any v ∈ V with v ≥ −2n−4. The inclusions
Un−1 − 2
n−2 ⊆ (Z≤2n−4+2n−4−(1+2n) ∪ Z≥2n−2+2n−3+1−(1+2n))− 2
n−2
= (Z≤2n−3−(1+2n) ∪ Z≥2n−2+2n−3+1−(1+2n))− 2
n−2
= Z≤2n−3−(1+2n)−2n−2 ∪ Z≥2n−2+2n−3+1−(1+2n)−2n−2
= Z≤2n−3−(1+2n)−2n−2 ∪ Z≥2n−3+1−(1+2n)
= Z≤2n−1+2n−2+2n−3−(1+2n+1) ∪ Z≥2n−3+1−(1+2n)
⊆ Z≤2n−1+2n−2+2n−2−4−(1+2n+1) ∪ Z≥2n−3+1−(1+2n)
= Z≤2n−4−(1+2n+1) ∪ Z≥2n+2n−3+1−(1+2n+1)
hold for n ≥ 6. The inclusions
Un−1 + v ⊆ Z≤2n−2+2n−3+2n−5−(1+2n) + v
= Z≤2n−2+2n−3+2n−5−(1+2n)+v
⊆ Z≤2n−2+2n−3+2n−5−(1+2n)−2n−1
= Z≤2n−1+2n−2+2n−3+2n−5−(1+2n+1)
⊆ Z≤2n−1+2n−2+2n−3+2n−3−4−(1+2n+1)
= Z≤2n−4−(1+2n+1)
hold for n ≥ 6 and for any v ∈ V with v ≤ −2n−1. This yields
2n − 2− (1 + 2n+1) /∈ (∪m≥0Um + V) ∪ (Un−1 + (V \ {−2
n−3})) for n ≥ 6.
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So Equation (3.9) follows. This establishes all of the nine claims, and hence V is a minimal
complement of U . 
Theorem 3.3. Let U = {−u1,−u2,−u3, · · · } where u1 < u2 < u3 < · · · . Define U1 = U
and for each positive integer i ≥ 1, define
Ui+1 :=
{
Ui \ {−ui} if Ui \ {−ui} is a complement to V,
Ui otherwise.
Let U denote the subset ∩i≥1Ui of Z. The subsets U and V of Z form a co-minimal pair.
Proof. Note that for any n ≥ 4 and any m ≥ n, the inclusions
Um + v ⊆ Z≤2m−(1+2m+1) + v
= Z≤2m−(1+2m+1)+v
⊆ Z≤2m−(1+2m+1)+2m−1
= Z≤−(1+2m−1)
⊆ Z≤−2m−3−1
⊆ Z≤−2n−3−1
hold for any v ≤ 2m−1, the inclusions
Um + 2
m ⊆ Z≤2m−1+2m−2+2m−4−(1+2m+1) + 2
m
= Z≤2m−1+2m−2+2m−4−(1+2m+1)+2m
⊆ Z≤2m−1+2m−2+2m−3−(1+2m+1)+2m
= Z≤2m−1+2m−2+2m−3+2m−3−2m−3−(1+2m+1)+2m
= Z≤−2m−3−1
⊆ Z≤−2n−3−1
hold, the inclusions
Um + v ⊆ Z≥2m−3+1−(1+2m+1) + v
= Z≥2m−3+1−(1+2m+1)+v
⊆ Z≥2m−3+1−(1+2m+1)+2m+1
= Z≥2m−3
⊆ Z≥2n−3
hold for any v ≥ 2m+1. It follows that
(3.12) {−2n−3,−2n−3+1,−2n−3+2, · · · ,−2,−1, 0, 1, 2, 3, · · · , 2n−3−1}∩(∪m≥nUm+V) = ∅
for any n ≥ 4. Consequently, for any element y ∈ Z, the equation y = u+ v holds for finitely
many pairs (u, v) ∈ U × V.
For any y ∈ Z and for any i ≥ 1, there exist elements uy,i ∈ Ui, vy,i ∈ V such that
y = uy,i + vy,i. It follows that for some element uy ∈ U , the equality uy = uy,i holds for
infinitely many i and for such integers i, we have vy = vy,i where vy := y − uy ∈ V. Thus
y−vy = uy,i holds for infinitely many i. Hence, for each integer i ≥ 1, there exists an integer
mi ≥ i such that y − vy = uy,mi, which yields y ∈ vy + Umi ⊆ vy + Ui. Thus y lies in vy + U ,
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i.e., y ∈ U + V. Hence U is an additive complement of V. It follows that U is a minimal
complement to V. By Theorem 3.2, it follows that V is a minimal complement to U . This
proves that (U ,V) is a co-minimal pair. 
4. Co-minimal pairs in the integral lattices
Proposition 4.1. Let H be a subgroup of an abelian group G. Let (A,B) be a co-minimal
pair in H, and (C,D) be subsets of G whose images form a co-minimal pair in G/H, and
the restrictions of the map G→ G/H on C and D induces bijections onto respective images.
Then (A+ C,B +D) is a co-minimal pair in G.
Proof. Note that A+ C +B +D = G.
Let a ∈ A, c ∈ C be such that (A + C) \ {a + c} is a complement to B + D. Let
b ∈ B, d ∈ D be such that a+ b /∈ (A \ {a}) ·B, c+ d mod H /∈ (C \ {c}) ·D mod H . Since
a+ c+ b+ d ∈ ((A+ C) \ {a+ c}) +B +D, it follows that a+ c+ b+ d = a′ + c′ + b′ + d′
for some a′ ∈ A, c′ ∈ C, b′ ∈ B, d′ ∈ D with a′ + c′ /∈ (A + C) \ {a + c}. This implies
c+d mod H = c′+d′ mod H , and hence c ≡ c′ mod H, d ≡ d′ mod H , and thus c = c′, d = d′,
which yields a + b = a′ + b′. Since a + b /∈ (A \ {a}) + B, we obtain a = a′, b = b′. This
contradicts the fact that a′ + c′ /∈ (A+C) \ {a+ c}. Hence A+C is a minimal complement
to B +D. Similarly, it follows that B +D is a minimal complement to A+ C. 
As an application of the above result, we obtain the following result.
Corollary 4.2. Let S = {s1, s2, · · · }. For any two sequences {xn}n≥1 and {yn}n≥1, each of
({(xi + sj, si) | i, j ≥ 1}, {(yu + 2
v−1, 2u−1) | u, v ≥ 1}),
({(xi + 2
j−1, si) | i, j ≥ 1}, {(yu + sv, 2
u−1) | u, v ≥ 1})
is a co-minimal pair in Z2.
Proof. For any two sequences {xn}n≥1 and {yn}n≥1, the subsets
(S, 0) + {(x1, s1), (x2, s2), (x3, s3), · · · } = {(xi + sj,+si) | i, j ≥ 1},
(T , 0) + {(y1, 1), (y2, 2), (y3, 2
2), · · · } = {(yu + 2
v−1, 2u−1) | u, v ≥ 1}
of Z2 form a co-minimal pair in Z2, and the subsets
(T , 0) + {(x1, s1), (x2, s2), (x3, s3), · · · } = {(xi + 2
j−1, si) | i, j ≥ 1},
(S, 0) + {(y1, 1), (y2, 2), (y3, 2
2), · · · } = {(yu + sv, 2
u−1) | u, v ≥ 1}
of Z2 form a co-minimal pair in Z2 by Proposition 4.1.

Theorem 4.3. Let σ be an automorphism of Zn such that there exists an increasing chain
of subgroups
0 =M0 (M1 ( · · · (Mr = Z
n
of Zn such that each of them is stable under the action of σ and the successive quotients
Mi/Mi−1 are free of rank at most two and for any such quotient, the restriction of σ to it
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is the identity map if the quotient is of rank one, or conjugate to some element of GL2(Z)
having exactly two nonzero entries, i.e., some of
(4.1)(
1 0
0 1
)
,
(
1 0
0 −1
)
,
(
−1 0
0 1
)
,
(
−1 0
0 −1
)
,
(
0 1
1 0
)
,
(
0 −1
1 0
)
,
(
0 1
−1 0
)
,
(
0 −1
−1 0
)
2
if the quotient is of rank two. Then there exists a subset A of Zn such that (A, σ(A)) is a
co-minimal pair in Zn.
Proof. If n = 1, then σ is the identity map, and thus in this case, A can taken to be the
subset W of Z as in [Kwo19, Proposition 3].
If n = 2, then one of the following conditions hold.
(1) M0 is a subgroup of Z
2 of rank one and σ is conjugate to(
1 ∗
0 1
)
,
(2) M0 = Z
2 and σ is conjugate to one of the matrices in Equation (4.1).
For simplicity, we will assume that σ is equal to the above matrix, or equal to one of the
matrices in Equation (4.1). In the first case, we can take A = W ×W (by Proposition 4.1)
and in the second case, we can take A to be
• W ×W ,
• {(x, 0) | x ∈ Z} ∪ {(0, y) | y ∈ Z≥1},
• {(x, 0) | x ∈ Z≥1} ∪ {(0, y) | y ∈ Z},
• {(x, 0) | x ∈ Z} ∪ {(0, y) | y ∈ Z≥1},
• S × T ,
• V × U ,
• U × V,
• (−S)× T
according as σ is equal to the matrices in Equation (4.1). Thus Theorem 4.3 holds for
n = 1, 2.
Let n ≥ 3 be an integer such that Theorem 4.3 holds for free abelian groups of rank < n.
Let M ′ be a subgroup of Zn such that M ′ surjects onto Mr/Mr−1. Denote the restriction of
σ to Mr/Mr−1 by σ¯. Since the result holds for n = 1, 2 and Mr/Mr−1 has rank at most two,
it follows that there is a subset C of Mr/Mr−1 such that (C, σ¯(C)) is a co-minimal pair in
Mr/Mr−1. Let C
′ be a subset of M ′ such that the map M → Mr/Mr−1 yields a bijection
between C ′ and C. Note that Mr−1 is stable under the action of σ. By the induction
hypothesis, there is a subset A of Mr−1 such that (A, σ(A)) is a co-minimal pair Mr−1. By
Proposition 4.1, (A+C ′, σ(A)+ σ(C ′)) is a co-minimal pair in Mr = Z
n. Thus Theorem 4.3
follows. 
2 Note that the above eight matrices form the subgroup{(
a b
c d
)
∈ GL2(Z) | exactly two of a, b, c, d are equal to zero
}
of GL2(Z).
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Theorem 4.4. Let σ be an automorphism of Z2d such that its matrix with respect to the
standard basis of Z2d has a block upper triangular form having the matrices(
0 1
1 0
)
,
(
0 −1
−1 0
)
along the diagonal. Then there exists a subset A of Z2d contained in a quadrant such that
(A, σ(A)) is a co-minimal pair.
Proof. If d = 1, then A can be taken to be S × T , (−S) × T . Let d ≥ 2 be an integer and
assume that the result holds for free groups of rank 2(d−1). Let σ be an automorphism of Z2d
satisfying the given condition. LetM denote the subgroup of Z2d generated by e1, · · · , e2(d−1)
and M ′ denote the subgroup of Z2d generated by e2d−1, e2d. Note that M
′ surjects onto
Z2d/M . Note that M is stable under the action of σ. By the induction hypothesis, there
is a subset A of M contained in a quadrant such that (A, σ(A)) is a co-minimal pair in M .
Since the result holds for d = 1, it follows that there exists a subset C of M ′ contained
in a quadrant such that the images of C and σ(C) in Z2d/M form a co-minimal pair. By
Proposition 4.1, (A+C, σ(A) + σ(C)) is a co-minimal pair in Z2d. Since A+C is contained
in a quadrant, the result follows by induction. 
Proof of Theorem 1.3. The first part follows from Theorem 4.3.
For d = 1, the group Z2d admits infinitely many automorphisms of the form(
1 ∗
0 1
)
with ∗ ∈ Z. So by Theorem 4.3, for each such automorphism σ of Z2d, there is a subset A of
Z2d such that (A, σ(A)) is a co-minimal pair in Z2d. To establish the second part for d ≥ 2,
note that there are infinitely many automorphisms of Z2d which are block upper triangular
where the blocks are of size 2× 2 and the matrices lying along the diagonal blocks are equal
to some of(
1 0
0 1
)
,
(
1 0
0 −1
)
,
(
−1 0
0 1
)
,
(
−1 0
0 −1
)
,
(
0 1
1 0
)
,
(
0 −1
1 0
)
,
(
0 1
−1 0
)
,
(
0 −1
−1 0
)
,
then by Theorem 4.3, for each such automorphism σ of Z2d, there is a subset A of Z2d such
that (A, σ(A)) is a co-minimal pair in Z2d. 
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